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We show that a unique, most probable and stable solution for the wave function of the universe,
with a very small cosmological constant Λ1 ≃ (
pi
lpN
)2, can be predicted from the supersymmetric
minisuperspace with N vacua, of the landscape of string theory without reffering to the antropic
principle. Due to the nearest neighbor tunneling in moduli space lattice, the N-fold degeneracy
of vacua is lifted and a discrete spectrum of bound state levels over the whole minisuperspace
emerges. SUSY is spontaneously broken by these bound states, with discrete nonzero energy levels
Λs ≃ (
spi
lpN
)2, s = 1, 2, ...
Recent progress in string theory has revealed a large
and rich structure of vacua solutions in moduli space [1]–
[5], known as the landscape [3]. The large number of
vacua results from the fact that in a typical compacti-
fication of M-theory from eleven dimensions to (3 + 1)
dimensions there are hundred of ways of ’wrapping’ com-
pact dimensions with flux and hundreds of 4-form fields
and fluxes. Counting of string theory vacua has been the
subject of much recent works on landscape theory[6]-[9].
The (Poincare) supersymmetric (SUSY) vacua are de-
generate with zero vacuum energy while the non-SUSY
part of the landscape is expected to have vacua with dif-
ferent but finite values of energy density λ in the range
0 −M4p . On very general ground, one expects to have
disconnected sectors of such vacua as well.
The potential V (φ) of the moduli field φ, (which col-
lectively describes the contribution from all moduli φi),
is typically described as having many valleys (the vacua
solutions) separated by barriers with height of orderM4p .
Though detailed structure of the landscape is not yet
fully understood, the large number of vacua solutions will
quite likely persist. As a result the following question has
been the central theme in the landscape investigation: in
which vacuum, from this multitude of choices, does our
universe reside? There seems to be no physical selection
criteria to answer this challenge, a fact that has led many
people to seek support from anthropic arguments instead
[3].
Our approach here is entirely different from the way
this challenge has been explored so far. We do not ask
’in which vacuum do we live in?’. Instead, adopting the
minisuperspace approach for the second quantization of
gravity coupled to moduli fields, we are interested in find-
ing the answer to the following question: which stable
solution of the wavefunction of the universe is the most
probable solution over the whole superspace of the land-
scape? According to the quantum-mechanical descrip-
tion, the universe actually spreads over whole landscape
of vacua rather than being relaxed in certain particular
vacuum. We model the landscape by considering the su-
perspace of moduli φ as a finite lattice of N sites with
tunneling between sites taken into account in the near-
est neghbor approximation. This, as we will show, re-
sults in a discrete range of solutions that form ’energy’
bands and the most probable one is the minimum energy
bound state which is lifted from zero. Thus, the model
predicts the universe with small cosmological constant,
Λ ≃ ( πlpN )2 (providing N is large), as the most probable
one, without reffering to the antropic arguments.
The minisuperspace approach: In the superspace of
all vacua solutions for moduli φ with homogenous
3−geometries, we confine our study and consider only
one sector, namely, the minisuperspace of SUSY vacua,
described by the potential V (φ) with potential wells that
sit at zero, and by the metric of spatially flat and ho-
mogenous 3-geometries
ds2 =
[−Ndt2 + a2(t)dx2] , (1)
N is a lapse function that can be set to N = 1. We
also make the assumption of equal a priori probabilities
for each SUSY vacua to occur. This means we consider
the potential V (φ) for the modulus field to have a pe-
riodic ’lattice’ type distribution of equidistant potential
wells and barriers. The energy of SUSY vacua will sit
at λ = 0, and for the barrier heights and spacing b be-
tween them we can take the typical values of O(M4p )
and Planck length b ≃ lp respectively. Let the number
of sites (vacua) in this SUSY minisuperspace ’periodic
lattice’ be some large but finite number N . The SUSY
minisuperspace is defined by the configuration space of
two variables φ and a. The wave function of the universe
propagating through the SUSY minisuperspace, Ψ(a, φ),
is a functional over configurations φ and a, as we switch
on gravity. All our calculations and results below can
easily be extended to closed and open universes.
Formalism: We set to solve the Wheeler-De Witt
equation in the minisuperspace. The combined action
of a, φ background is
S = Sg + Sφ =
∫
d4x
√−g
[
R
κ2
− φ˙
2
2
− V (φ)
]
(2)
We set below the normalization factor κ
2
24π2 =
2
3πM
−2
p
and Planck constant h¯ to be equal to one, unless other-
wise noted. The lagrangian for gravity is
Lg =
1
2
N
[
−aa˙
2
N2
− a3Λ
]
(3)
2The canonical momenta is defined by pa =
∂Lg
∂a˙ = −aa˙N .
The corresponding hamiltonian becomes
Hg = (paa˙− Lg) /N =
− 1
2a
[
p2a − a4λ
]
(4)
The homogenious moduli field is described by the la-
grangian
Lφ =
a3N
2
(
− φ˙
2
N − V (φ)
)
, (5)
and its canonical momenta given by pφ =
∂Lφ
∂φ˙
= −a3φ˙.
The potential for the moduli φ in the SUSY minisuper-
space is some periodic function with zero-energy for all N
potential wells and lattice spacing b as explained above,
which satisfies
V (φ) = V (φ+ b) (6)
with barrier heights ≃ O(M4p ). The hamiltonian for the
field is
Hφ = a
3
2
(
φ˙+ V (φ)
)
. (7)
Let us define ln(a) = α, a˙a = α˙. The full Hamiltonian in
(α, φ) becomes
H = 1
2e3α
[−p2α + p2φ + e6αV (φ)] (8)
The system is quantized by promoting conjugate mo-
menta in Eqns. (??) to operators pˆα = −i ∂∂α and
pˆφ = −i ∂∂φ [16]
Hˆ = 1
2e3α
[
∂2
∂α2
− ∂
2
∂φ2
+ e6αV (φ)
]
(9)
The Wheeler-Dewitt equation is the quantum hamilto-
nian constraint, obtained by varying the action Eqn. (2)
with respect to N
HˆΨ(a, φ) = 0 (10)
with the hamiltonian operator H given by Eqn. (9) act-
ing on the wave function of the universe Ψ(α, φ).
The field equations of motion are obtained by varying
the action, S, Eqn. (2) with respect to α and φ, respec-
tively, read
φ¨+ 3Hφ˙+
∂V
∂φ
= 0, (11)
α¨+
3
2
[
α˙2 + φ˙2 − V (φ)
]
= 0. (12)
It is easy to check for consistency that in fact the α equa-
tion of motion is nothing more than the Friedman equa-
tion for the expansion in the presence of the energy den-
sity of the field φ, ǫ = φ˙
2
2 + V (φ)
Boundary Conditions and Solution: The SUSY min-
isuperspace periodic lattice contains a large but finite
number of ’lattice sites’ (vacua) N in the potential V (φ),
Eqn. (6). We will assume that there is no interaction
with the ’hidden sectors’ of the superspace and thus the
wavefunction does not leak out to other sectors. The
solution to the Wheeler-DeWitt Eqn. (10) would pro-
duce an N−fold degenerate ground state for Ψ(α, φ). Let
us now allow for tunneling between sites, in the nearest
neigbhor approximation, with a tunneling rate δ. Finite
large periodic lattices have been extensively studied in
condensed matter physics [15]. Tunneling between neigh-
bor sites lifts the degeneracy of the vacuum solution as
it breaks lattice translation symmetry. In order to estab-
lish analogy with condensed matter systems, let us for
the moment take α = constant in Eqn. (9) [17]. For
our SUSY ’lattice’ the ground state vacuum energy is
Λ = 0. The boundary conditions in this large but finite
lattice quantize the wave-number k in terms of a discrete
quantum number s. There are two possible boundary
conditions we can choose for the N lattice sites num-
bered 0 to N − 1 : the fixed end-point boundary that re-
quires the wave function does not propagate outside the
minisuperspace, i.e the function should vanish at these
end-points; or the cyclic boundary condition relevant for
large N which requires that the s − th site should sat-
isfy ΨN+s = Ψs. For large N the two are equivalent by
symmetry of k → −k, |k| ≤ πL . There are N − 1 normal
modes in this configuration. Boundary conditions thus
require that
ks =
πs
bN
, s = 1, 2, ..N. (13)
Due to the mixing between nearest neighbors from
tunneling, the hamiltonian has non-diagonal terms. Di-
agonalizing the hamiltonian yields the energy eigenval-
ues of Eqn. (15), thereby splitting the levels and re-
moving the N-fold degenracy of the ground state. The
eigenfunctions obtained after the diagonalization of the
hamiltonian are the normal modes of the system given by
Ψk(s)(φ) ≃ sin(ksφ) or cos(ksφ). Physically these eigen-
functions are a superposition of left and right moving
Bloch plane waves which due to the constructive interef-
erence in their phases satisfy the Bragg reflection con-
dition and form standing waves in the minisuperspace
lattice of size L = bN . With our boundary condition the
standing waves pick the expression
Ψs ≃ sin(ksφ)√
ks
(14)
with quantum numbers s, (not to be confused with lattice
site numering), taking values in the range s = 1, ..N .
The eigenvalues of the hamiltonian form bands of energy
with discrete energy levels, ǫs. A rough estimate for the
tunneling rate can be given by δ ≃ (πb )2, known as the
mass gap of periodic lattices. The energy of each level
with wavenumber ks is
ǫs = 2δ − 2δcos(ksb). (15)
3At this point we re-establish the dependence on α and
find solutions for the wavefunction of the universe Ψ(α, φ)
to the full hamiltonian given by Eqn. (9). Let us take
the following ansatz for the wavefunction of the Universe
Ψ in Eq. (??)
Ψ(α, x) = ΣsFks(α)ψks (x) (16)
We have rescaled the variable and the parameters as fol-
lows: φ to x = e3αφ, b˜ = be3α, k˜s = kse
−3α, δ˜ = δe6α so
that Eqn. (10) becomes separable in α, x. After rescal-
ing, ψks(x) in Eqn. (16) satisfies the α independent equa-
tion [
− ∂
2
∂x2
+ V (x)
]
ψks(x) = ǫksψk(x) (17)
The energy eigenvalues ǫks ≃ h¯
2k2s
2 , (as in Eqn. (15)),
and the solutions for the eigenfunctions ψks are given by
Eqns. (13, 14).
The lowest energy standing wave is the one for s = 1,
k˜1 =
π
b˜N
, ǫ1 = (
π
b˜N
)2. By plugging Eqn. (17) back into
Eqn. (10) we obtain that Fks(α) of Eqn.(16) satisfy the
following equation[
∂2
∂α2
+ e6αǫk
]
Fks(α) = 0. (18)
The solution to this equation reads
Fs(α) ≈ 1
(|ǫ˜s|)1/4 e
±i
√
|ǫ˜s|α (19)
where ǫ˜s = e
6αǫs = (
sπ
bN )
2 with s = 1, 2, ..N .
The solution to the equation of motion for α, Eqn. (??)
yields α = ±|ǫs|1/2t = ±(Hst). Since the growing mode
does soon dominate over the decaying one, we take only
the outgoing mode α = +Hst as our boundary condition
at time plus infinity . Therefore, each standing wave
mode labelled by the quantum number s in the expres-
sion (16)for the wavefunction Ψ(α, φ) describes a DeSit-
ter universe with its own constant nonzero cosmological
constant ǫ˜s ≃ ( πsbN )2, time and expansion rate α = +Hst.
There are N−1 discrete normal modes that form the dis-
crete energy band of bound states, all lifted from zero.
Decoherence between levels is resolved since the energy
levels are discrete and separated by a finite ammount of
energy. The lowest lying energy state, corresponding to
s = 1, has a nonzero energy of ǫ˜1 = (
π
bN )
2.
There is ongoing debate in quantum cosmology [11] on
the measure of probability in the wavefunction of the uni-
verse, both definitions being plagued with some patholo-
gies. Probability for Eqn. (9), viewed as a Klein Gordon
equation is given by: P = i (Ψ∂aΨ∗ −Ψ∗∂aΨ). The same
hamiltonian, when treated with the quantum mechanic
formalism has a probability given by P = |Ψ|2. Due to
the oscillatory solution for the modes of Ψ(α, x), in our
case both expressions for the probability give, up to an
overall normalization constant, (( bπ )
2 for lattices)
P ≈ 1|ǫ˜s| (20)
This shows that P is peaked around Ψ1 with energy
ǫ˜1 ≈ ( πbN )2. Although the SUSY landscape potential
has λ = 0, our calculation shows that the most proba-
ble solution, Eqn.( 20) is peaked around the first bound
state in the discrete band of energy levels, i.e the lowest
lying energy level s = 1. As shown the lowest lying level
has a non-zero energy constant energy ǫ˜1 ≈ ( π(bN )2. The
lifting of the degeneracy of the N-vacua and thus the
spontaneous breaking of SUSY by the bound state Ψ1
due to tunneling gives birth to a Universe with a small
cosmological constant Λ = H21 = ǫ1. N is expected to
be large enough. Thus having ǫ1 ≈ Λ in the favoured
range of Λ ≈ 10−120M4p can be easily arranged. We have
just shown that Ψ1 is a unique, stable and most probable
solution with nonzero energy propagating in the SUSY
minisuperspace of the landscape. It therefore can be a
candidate for the wave function of universe from the land-
scape.
Concluding remarks: We have shown here how a
unique, most probable and stable solution for the wave
function of the universe can be predicted from the land-
scape without having to appeal to anthropic arguments.
This solution spontaneously breaks SUSY and has a small
and non-zero Λ = ( πlpN )
2. Due to tunneling and con-
structive interference between right and left moving plane
waves there are N − 1 normal mode bound states that
occupy the SUSY minisuperspace of the landscape in a
discrete band of energy levels that have a non zero mass
gap from the degenerate vacuum λ = 0. Each of the
bound states have their own energy and can give rise to
a DeSitter universe with different expansion rates accord-
ing to their energy level. The probability for the bound
state levels is inversely proportional to their energy thus
the lowest lying energy state becomes the most proba-
ble one. It is interesting to note that we get a different
estimate for the ground state energy dependence on N ,
namely we obtained Λ ≃ N−2 instead of the current esti-
mate appearing in literature i.e. Λ ≃ N−1. The effect of
temperature, nonminimal coupling of moduli to gravity
on the lowest energy state and coupling to other sectors,
we leave for future work.
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